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IN Ref. 1, Breakwell formulates optimal controls which
minimize

0)

subject to the linear autonomous state differential equation

X=FX+GU (2)
with
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The resulting optimal control is determined therein from
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Breakwell considers the slewing of a flexible spacecraft whose
dynamics can be approximated by Eq. (2). In his conclusions,
he discusses two problems encountered previously by the
author in Refs. 2 and 3. These are:

1) The fact that the differential equation(s) are stiff and
often subject to numerical difficulties if one employs
eigenvalue routines or attempts to numerically integrate the
associated state transition matrix.

2) The fact that significant vibrational energy is imparted to
the higher modes, even though n of them can be arrested upon
arrival at time tf (which is less comforting in the presence of
modeling and measurement errors).

Regarding the first problem, Ref. 4 documents an attractive
way to obtain high-precision state transition matrices using
diagonal Fade approximations in conjunction with the matrix
exponential identity

eC( — (eCt/2n }2n (£)

In Ref. 3, it was applied to essentially the same problem
addressed in the present discussion. (For maneuvering of a
flexible spacecraft, up to ten modes were considered; the state
transition matrix was typically calculated with ten-digit
precision.)

Regarding the second problem, the fundamental source of
the high-frequency excitation of the vibratory degrees of
freedom is the jump discontinuity (initially and finally) in the
control torques determined from Eq. (4) (see Figs. 2-7 of Ref.
1). This jump discontinuity can be eliminated easily with a
modest modification of the formulation. If, instead of
minimizing Eq. (1), we choose the index
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= - f tf
0U+ UTB1U+ UTB2U\dt (7)

where the over dot indicates a time derivative. Then we still
have Eq. (5) but, in lieu of the algebraic equation (4), the
optimal control satisfied the differential equation

(8)dt4

and we are free to impose the four control boundary
conditions

dU ^dUt/(0)=0 U(tf)=0 ——(0)=0 ——(tf)=0 (9)

Equations (9) require that the controls be turned on and off
smoothly. The maneuvers resulting from Eq. (8) typically
require a bit more energy than those using Eq. (4), but the
amplitude of the vibrations will typically be reduced by an
order of magnitude.

Numerical experience suggests choosing the weight B2 large
enough to dominate the calculations; all of the Bi should be
positive-definite-symmetric.
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IN Ref. 1, Sheela and Ramamoorthy discuss the numerical
solution of a minimum-time low-thrust orbit transfer

problem, using a form of the Ritz method.2'3 The optimized
transfer times which they obtain vary over a wide range as the
orders of certain series expansions and the time intervals over
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